Introduction
The stability problem of functional equations originated from a question of Ulam 1 in 1940 , concerning the stability of group homomorphisms. Let G 1 , · be a group, and let G 2 , * be a metric group with the metric d ·, · . Given > 0, does there exist a δ > 0, such that if a mapping h : G 1 → G 2 satisfies the inequality d h x · y , h x * h y < δ for all x, y ∈ G 1 , then there exists a homomorphism H : G 1 → G 2 with d h x , H x < for all x ∈ G 1 ? In other words, under what condition does there exist a homomorphism near an approximate homomorphism?
In 1941, Hyers 2 gave a first affirmative answer to the question of Ulam for Banach spaces. Let f : E → E be a mapping between Banach spaces such that f x y − f x − f y ≤ δ, 1.1
for all x, y ∈ E and for some δ > 0. Then there exists a unique additive mapping T : E → E such that The following cubic functional equation was introduced by the third author of this paper, J. M. Rassias 29, 30 in 2000 Rassias 29, 30 in -2001 :
Jun and Kim 13 introduced the following cubic functional equation: Jun and Kim proved that a function f between real vector spaces X and Y is a solution of 1.5 if and only if there exists a unique function C : X × X × X → Y such that f x C x, x, x for all x ∈ X, and C is symmetric for each fixed one variable and is additive for fixed two variables see also 31-33 . We deal with the following functional equation deriving from additive, cubic and quadratic functions:
2 f x y − f x − y 2f 3y − 6f 2y 6f y .
1.6
It is easy to see that the function f x ax
cx is a solution of the functional equation 1.6 . In the present paper we investigate the general solution and the generalized Hyers-Ulam-Rassias stability of the functional equation 1.6 . 2f e x 2y 2f e 2x y 4f e x y − 4f e x − y − 2f e x − 2f e y .
2.24
Now according to 2.22 and 2.24 , it follows that f e x 2y f e 2x y 6f e x y 2f e x − y − 3f e x − 3f e y .
2.25
From the substitution y −y in 2.25 it follows that f e x − 2y f e 2x − y 6f e x − y 2f e x y − 3f e x − 3f e y . This means that f e is quadratic. Thus there exists a unique quadratic function Q :
On the other hand we can show that f o satisfies 1.6 , that is,
Now we show that the mapping g : 
From the substitution y : −y in 2.33 it follows that
Interchange x and y in 2.33 , and it follows that
With the substitutions x : x − y and y : x y in 2.35 , we have
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Replace x by x − y in 2.34 . Then we have
Replacing y by −y in 2.37 gives
2.38
Interchanging x and y in 2.38 , we get
If we add 2.38 to 2.39 , we have
2.40
Replacing y by −y in 2.36 gives
By comparing 2.40 with 2.41 , we arrive at
2.42
Replacing y by −y in 2.42 gives
With the substitution y : x y in 2.43 , we have
and replacing −y by y gives
Let us interchange x and y in 2.45 . Then we see that 
2.50
Let g : X → Y be the additive mapping defined above. It is easy to show that f o is cubicadditive function. Then there exists a unique function C :
for all x ∈ X, and C is symmetric and 3-additive. Thus for all x ∈ X, we have
This completes the proof of theorem.
The following corollary is an alternative result of Theorem 2.1. 
Stability
We now investigate the generalized Hyers-Ulam-Rassias stability problem for functional equation 1.6 . From now on, let X be a real vector space, and let Y be a Banach space. Now before taking up the main subject, given f : X → Y , we define the difference operator
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for an upper bound φ : X × X → 0, ∞ . for all x, y ∈ X. If the upper bound φ : X × X → 0, ∞ is a mapping such that
and that
for all x, y ∈ X, then the limit
exists for all x ∈ X, and Q : X → Y is a unique quadratic function satisfying 1.6 , and
for all x ∈ X.
Proof. Let s 1. Putting x 0 in 3.3 , we get
for all y ∈ X. On the other hand by replacing y by x in 3.3 , it follows that −f 3y 4f 2y − 7f y ≤ φ y, y , 3.9
for all y ∈ X. Combining 3.8 and 3.9 , we lead to 2f 2y − 8f y ≤ 2φ y, y φ 0, y , 3.10 10
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for all y ∈ X. With the substitution y : x/2 in 3.10 and then dividing both sides of inequality by 2, we get
Now, using methods similar as in 8, 34, 35 , we can easily show that the function Q : X → Y defined by Q x lim n → ∞ 4 n f x/2 n for all x ∈ X is unique quadratic function satisfying 1.6 and 3.7 . Let s −1. Then by 3.10 we have
for all x ∈ X. And analogously, as in the case s 1, we can show that the function Q : X → Y defined by Q x : lim n → ∞ 4 −n f 2 n x is unique quadratic function satisfying 1.6 and 3.7 .
Theorem 3.2.
Let s ∈ {1, −1} be fixed. Let φ : X × X → 0, ∞ is a mapping such that
for all x, y ∈ X. Then the limit
exists, for all x ∈ X, and A : X → Y is a unique additive function satisfying 1.6 , and
for all x ∈ X. for all y ∈ X. Putting y : x/2 and g x : f 2x − 8f x , for all x ∈ X. Then we get
for all x ∈ X. Now, in a similar way as in 8, 34, 35 , we can show that the limit A x : lim n → ∞ 2 n g x/2 n exists, for all x ∈ X, and A is the unique function satisfying 1.6 and 3.17 . If s −1, then the proof is analogous. for all x, y ∈ X. If the upper bound φ : X × X → 0, ∞ is a mapping such that
and that lim n → ∞ 8 sn φ x/2 sn , y/2 sn 0, for all x, y ∈ X, then the limit
exists, for all x ∈ X, and C : X → Y is a unique cubic function satisfying 1.6 and
Proof. We prove the theorem for s 1. When s −1 we have a similar proof. It is easy to see that f satisfies 3.20 . Set h x : f 2x − 2f x then by putting y : x/2 in 3.20 , it follows that
for all x ∈ X. By using 3.26 , we may define a mapping C : X → Y as C x : lim n → ∞ 8 n h x/2 n , for all x ∈ X. Similar to Theorem 3.1, we can show that C is the unique cubic function satisfying 1.6 and 3.25 . for all x, y ∈ X. If the upper bound φ : X × X → 0, ∞ is a mapping such that 
Proof. By Theorems 3.2 and 3.3, there exist an additive mapping A o : X → Y and a cubic mapping
3.30
for all x ∈ X. Combine the two equations of 3.30 to obtain
Advances in Difference Equations   13 for all x ∈ X. So we get 3.29 by letting A x − 1/6 A o x , and C x 1/6 C o x , for all x ∈ X. To prove the uniqueness of A and C, let A 1 , C 1 : X → Y be another additive and cubic maps satisfying 3.29 . Let A A − A 1 , and let C C − C 1 . So
for all x ∈ X. Hence 3.32 implies that
for all x ∈ X. On the other hand C and C 1 are cubic, then C x/2 n 1/8 n C x . Therefore by 3.35 we obtain that A x 0, for all x ∈ X. Again by 3.35 we have C x 0, for all x ∈ X. for all x, y ∈ X. If the upper bound φ : X × X → 0, ∞ is a mapping such that
and that lim n → ∞ 1/2 n φ 2 n x, 2 n y 0, for all x, y ∈ X, then there exist a unique cubic function C : X → Y and a unique additive function A : X → Y such that
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Proof. The proof is similar to the proof of Theorem 3.4.
Now we establish the generalized Hyers-Ulam-Rassias stability of functional equation 1.6 as follows. for all x ∈ X.
Proof. It follows from Theorem 3.6 by taking φ x, y θ x p y q , for all x, y ∈ X.
